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Abstract
We investigate the construction of sets of t latin squares of a given non-prime-power order q which are as close as possible to
being a mutually orthogonal set. The total number of ordered pairs which do not occur when the squares are juxtaposed in pairs
will be called the deﬁciency. Our main result is that complete sets of q − 1 latin squares can be constructed whose deﬁciency is
less than or equal to q(q − 1)2 when q = 10, 12 (that is, it is approximately 18% of the total number of pairs) and sets whose
deﬁciency is less than or equal to 24(q − 1)2 when q = 14, 15.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Let q > 2 be a positive integer. Consider a set {L1, L2, . . . , Lt } of t latin squares of order q, where 2 tq − 1. Suppose
that, when Li and Lj are juxtaposed, Nq(Li, Lj ) distinct ordered pairs occur. Let Tq(t) =
∑
1 i<j tNq(Li, Lj ). Clearly,
Tq(t)( t2 ) q2. In particular, if t = q − 1, we have a projective plane of order q if Tq(q − 1)=
(
q−1
2
)
q2.
The function Tq(t) is a measure of how close the set of t latin squares is to being a set of mutually orthogonal latin squares
(MOLS) and, when t = q − 1, it is a measure of how close we can get to constructing a projective plane of order q.
For a set {L1, L2, . . . , Lt } of t latin squares of order q, we shall call ( t2 ) q2−Tq(t) the deﬁciency. In this paper, we investigate
the maximum valueMq(t) of Tq(t) taken over all sets of t latin squares of order q (or, equivalently, the minimum value of the
deﬁciency). It is known, for example, that the minimum value of the deﬁciency for two latin squares of order six is two (see page
170 of [4]) and it is conjectured that, for a set of four latin squares of order ten, the minimum deﬁciency is ( 42 ) × 2 = 12 (see
[2] or page 199 of [4]).
Since, when juxtaposed, any two latin squares of order q will generate at least q distinct ordered pairs, we easily see that
(
t
2 ) qMq(t)(
t
2 ) q
2
. However, we shall show that, for any even q, we can construct q − 1 latin squares of order q with the
property that, when we juxtapose any two of them, we obtain 5q− 4 distinct ordered pairs. Thus, for even values of q, we obtain
(
q−1
2 ) (5q − 4)Tq(q − 1)( q−12 ) q2. (More precisely, we shall show that we obtain 4q − 3 ordered pairs that occur exactly
once, q − 1 that occur exactly q − 3 times and q2 − 5q + 4 that do not occur.) Our construction makes use of neoﬁelds. For
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values of q for which D-neoﬁelds (deﬁned below) exist, considerably better lower bounds can be obtained. In particular, it is
almost certain that D-neoﬁelds exist of every odd order.
2. Construction of neoﬁelds
A left neoﬁeld (N,⊕, ·) of order n consists of a set N of n symbols on which two binary operations (⊕) and (·) are deﬁned
such that (N,⊕) is a loop, with identity element 0 say, (N\{0}, ·) is a group and (·) distributes from the left over (⊕). (That is,
x(y ⊕ z)= xy ⊕ xz for all x, y, z ∈ N .)
If the right distributive law also holds, the structure is called a neoﬁeld. A left neoﬁeld (or neoﬁeld) whose multiplication
group is (G, ·) is said to be based on that group. Clearly, every left neoﬁeld based on an abelian group is a neoﬁeld. Also, a
neoﬁeld whose addition satisﬁes the associative law is a ﬁeld. (In this article, all the structures discussed will be ﬁnite.)
Before proceeding, we shall need some further deﬁnitions:
A one-to-one mapping g → (g) of a ﬁnite group (G, ·) onto itself is called an orthomorphism if the mapping g → (g),
where (g) = g−1(g), is again a one-to-one mapping of G onto itself. The orthomorphism is said to be in canonical form if
(1)= 1, where 1 is the identity element of G.
An orthomorphism in canonical form may be regarded as a permutation
= (1)(g11g12 · · · g1k1)(g21g22 · · · g2k2 ) · · · (gs1gs2 · · · gsks )
of G such that the elements g−1
ij
gi,j+1 (where i = 1, 2, . . . , s and the second sufﬁx j is added modulo ki ) comprise the non-
identity elements of G each counted once. Then (gij ) = gi,j+1 and (gij ) = g−1ij gi,j+1. The mapping  is the complete
mapping associated with the orthomorphism .
If we express an orthomorphism in cycle form as above, we see that
∏
g∈Gg =
∏
(gij )=
∏
(g−1
ij
gi,j+1)= 1. That is, the
product of all the elements of G in some appropriate order is equal to the identity element.
As is implied by our earlier remarks and as we show in the next section, this concept (and also that of a near orthomorphism,
deﬁned below) plays a crucial role in the study of neoﬁelds because, in particular, the mapping deﬁned by 1 → 1 andw → 1⊕w
(for w = 1) is an orthomorphism of the multiplicative group of every left neoﬁeld for which 1⊕ 1= 0.
Suppose now that the elements of the ﬁnite group (G, ·) can be arranged in the form of a sequence [g′1g′2 · · · g′h] followed by
s cyclic sequences
(g11g12 · · · g1k1), (g21g22 · · · g2k2 ), . . . , (gs1gs2 · · · gsks )
such that the elements g′
j
−1
g′
j+1 and g
−1
ij
gi,j+1 together with the elements g−1iki gi1 comprise the non-identity elements of
G each counted once. Then the mapping  of G\{g′
h
} onto G\{1} given by (g′
j
) = g′
j
−1
g′
j+1 for j = 1, 2, . . . , h − 1 and
(gij )= g−1ij gi,j+1 (where arithmetic of second sufﬁxes is modulo ki ) is called a near complete mapping ofG. The associated
mapping  : g → g(g) of G\{g′
h
} onto G\{g′1} is called a near orthomorphism of G. It is said to be in canonical form if
g′1 = 1, where 1 is the identity element of G.
We shall represent a near orthomorphism  in the following way:
= [g′1g′2 · · · g′h](g11g12 · · · g1k1)(g21g22 · · · g2k2 ) · · · (gs1gs2 · · · gsks ).
When the near orthomorphism is in canonical form so that g′1 = 1, we shall denote the element g′h which has no image under
the mapping by  and call it the ex-domain element.
It is immediate to see from the deﬁnition of  that
=


h−1∏
j=1
(g′j )




s∏
i=1
ks∏
j=1
(gij )

 .
That is,  is the product of all the elements of G in some appropriate order.
The concepts of orthomorphism and near orthomorphism of a group enable us to characterize left neoﬁelds in the following
way:
Theorem 1. Let (N,⊕, ·) be a ﬁnite left neoﬁeld with multiplicative group (G, ·), where G= N\{0}. Then, if 1⊕ 1= 0 in N ,
N deﬁnes an orthomorphism (and corresponding complete mapping) of (G, ·), which is in canonical form. If 1 ⊕ 1 = 0 but
1⊕ = 0, N deﬁnes a near orthomorphism of G in canonical form with  as an ex-domain element.
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Conversely, let (G, ·) be a ﬁnite group with identity element 1 which possesses an orthomorphism  (in canonical form). Let
0 be a symbol not in the set G and deﬁne N =G∪ {0}. Then (N,⊕, ·) is a left neoﬁeld, where we deﬁne (w)= 1⊕w=(w)
for all w = 0, 1 and (0)= 1, (1)= 0. Also, x ⊕ y = x(1⊕ x−1y) for x = 0, 0⊕ y = y and 0 · x = 0= x · 0 for all x ∈ N .
Alternatively, let (G, ·) possess a near orthomorphism  in canonical form. Then, with N deﬁned as before, (N,⊕, ·) is a left
neoﬁeld, where we deﬁne (w)=1⊕w=(w) for allw = 0, , where  is the ex-domain element of  and (0)=1, ()=0.
Also, x ⊕ y = x(1⊕ x−1y) for x = 0, as before, 0⊕ y = y and 0 · x = 0= x · 0 for all x ∈ N .
For a proof of this theorem, see [5] or [8].
Note: The mapping  : z → 1 ⊕ z is called the presentation function of the neoﬁeld because it determines the complete
addition table of the neoﬁeld by virtue of the fact that x ⊕ y = x(1⊕ x−1y).
A neoﬁeld is called cyclic if it is based on a cyclic group. As a special case of this, a cyclic neoﬁeld (of order q = n+ 1) based
on the group 〈x : xn = 1〉 is said to have property D if (1 ⊕ xr+1)/(1 ⊕ xr ) = (1 ⊕ xs+1)/(1 ⊕ xs) ⇔ r ≡ smod n, where
r, s are any positive integers. For brevity, we shall call such a neoﬁeld, a D-neoﬁeld. It is almost certain, but still unproved, that
such neoﬁelds exist of every ﬁnite order except 2 and 6. (See [7] for the evidence.)
(Historically, such neoﬁelds were introduced by the ﬁrst author of the present paper in order to provide some understanding
of the reason why orthogonal latin squares of order six do not exist because the latin square formed by the addition table of a
D-neoﬁeld always has an orthogonal mate.)
The following theorem is essential for our investigation and so we give a detailed proof.
Theorem 2. A necessary and sufﬁcient set of conditions for a cyclic neoﬁeld of order q = n + 1 to exist is that n − 2 (not
necessarily distinct) residues modulo n from the set {2, 3, . . . , n− 1} can be arranged in a sequence P such that:
(i) the partial sums of the ﬁrst one, two, . . . , n− 2 elements are all distinct and non-zero modulo n; and
(ii) when each element of the sequence is reduced by one, the new sequence, P ′ say, also satisﬁes (i).
If the cyclic group is 〈x : xn = 1〉 and P = p1p2 · · ·pq−3 then (1 + xh+r+1)/(1 + xh+r ) = apr for r = 1, 2, . . ., q − 3.
Thus, the cyclic neoﬁeld has property D if and only if the elements of P are all distinct.
Proof. Suppose ﬁrst that a cyclic neoﬁeld of order q = n + 1 exists based on the cyclic group Cn = 〈x : xn = 1〉. Its addition
table can be written in the form shown in Fig. 1, where 1⊕ xh = 0 (so that h= 0 or n/2 according as n is odd or even). Fig. 2
represents the same addition table except that powers of x have been replaced by their indices (with x0 = 1) and the element 0
has been replaced by n. Comparison of the two tables shows that ai+1,j+1 = aij + 1, where arithmetic of indices is modulo n.
Let p1 = a02 − a01.
p2 = a03 − a02.
p3 = a04 − a03.
· · · · · · · · ·
pn−2 = a0,n−1 − a0,n−2.
Then p′1 = p1 − 1= a02 − (a01 + 1)= a02 − a12 = an−3,n−1 − an−2,n−1.
p′2 = p2 − 1= a03 − (a02 + 1)= a03 − a13 = an−4,n−1 − an−3,n−1.
p′3 = p3 − 1= a04 − (a03 + 1)= a04 − a14 = an−5,n−1 − an−4,n−1.· · · · · · · · · · · ·
p′n−2 = pn−2 − 1= a0,n−1 − (a0,n−2 + 1)= a0,n−1 − a1,n−1.
Since no two entries of the second row of the addition table are equal, no one of the pi ’s is equal to zero. Since no two entries
of the last column of the addition table are equal, none of the p′
i
’s is equal to zero. Thus, for each i, pi = 0 or 1; so each
pi ∈ {2, 3, . . . , n− 1}. Also, the partial sums p1= a02− a01, p1+p2= a03− a01, . . . , p1+p2+ · · ·+pn−2= a0,n−1− a01
are all distinct and non-zero modulo n. Furthermore, the partial sums p′1 = an−3,n−1 − an−2,n−1, p′1 + p′2 = an−4,n−1 −
an−2,n−1, . . . , p′1 + p′2 + · · · + p′n−2 = a0,n−1 − an−2,n−1 are all distinct and non-zero modulo n.
Since 1+ xh+r = xs , where s = a0r , and 1+ xh+r−1 = xt , where t = a0,r−1, we have (1+ xh+r )/(1+ xh+r−1)= xs−t ,
where s− t =pr−1. It follows that the elements of the set P ={p1, p2, . . . , pn−2} are all distinct if and only if the neoﬁeld has
property D.
Conversely, given a sequencep1, p2, . . . , pn−2 of residuesmodulo nwith the properties stated inTheorem 2, we can construct
a cyclic neoﬁeld in the following way:
In Fig. 2, the entries of the second row are 0, n, a01, a01 + p1, a01 + (p1 + p2), …, a01 + (p1 + p2 + · · · + pn−2). Clearly,
none of the n−1 indices a01, a01+p1, a01+ (p1+p2), …, a01+ (p1+p2+· · ·+pn−2) can be equal to 0 modulo n and this
determines a01.We may then ﬁll in the second row of the table shown in Fig. 2 and also all its remaining rows using the fact that
ai+1,j+1 = aij + 1. From the properties of the sequences P and P ′, it follows that the table so obtained is an (n+ 1)× (n+ 1)
latin square and so the corresponding Fig. 1 represents the addition table of a cyclic neoﬁeld. 
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0 x h x h+1 x h+2 x h+3 . . . x h −1
0 0 x h x h+1 x h+2 x h+3 . . . x h −1
1 1 0 1 + x h+1 1 + x h+2 1 + x h+3 . . . 1 + x h −1
x x x + x h 0 x + x h+2 x + x h+3 . . . x + x h −1
x 2 x 2 x 2 + x h x 2 + x h+1 0 x 2 + x h+3 . . . x 2 + x h −1
• • • • • • . . . •
• • • • • • . . . •
x n − 2 x n − 2 x n − 2 + x h x n − 2 + x h+1 x n − 2 + x h+2 x n − 2 + x h+3 . . . x n −2 + x h −1
x n − 1 x n − 1 x n − 1 + x h x n − 1 + x h+1 x n −1 + x h+2 x n −1 + x h+3 . . . 0
Fig. 1.
n h h + 1 h + 2 h + 3 . . . h − 1
n n h h + 1 h + 2 h + 3 . . . h − 1
0 0 n a 01 a02 a03 . . . a0,n − 1
1 1 a10 n a 12 a13 . . . a1,n − 1
2 2 a20 a21 n a 23 . . . a2,n − 1
• • • • • • . . . •
• • • • • • . . . •
n − 2 n − 2 an − 2,0 an − 2,1 an − 2,2 an − 2,3 . . . an − 2,n − 1
n − 1 n − 1 an − 1,0 an − 1,1 an − 1,2 an − 1,3 . . . n
Fig. 2.
Deﬁnition. We shall call P the presentation sequence of the cyclic neoﬁeld.
Note: The special case of the above theorem which applies to D-neoﬁelds is due to one of the present authors. It appears
both in [6] and also as Theorems 7.5.2 and 7.5.3 of [3]. D. Bedford observed (in his Ph.D. thesis of 1991) that the theorem can
be generalized to apply to all cyclic neoﬁelds as above. Some examples of the construction of a neoﬁeld from its presentation
sequence are given in [8].
Corollary 3. Let u be an integer, 2uq − 2, such that both u and u− 1 are relatively prime to n= q − 1. Then the sequence
P = uuu . . . u deﬁnes a cyclic neoﬁeld of order q.
Proof. In this case, P ′ = u − 1 u − 1 . . . u − 1 and so the partial sums u, 2u, 3u, . . . , (q − 3)u of P and the partial sums
u− 1, 2(u− 1), 3(u− 1), . . . , (q − 3)(u− 1) of P ′ are all distinct modulo q − 1. 
3. Uniform cyclic neoﬁelds
Deﬁnition. We shall call a cyclic neoﬁeld of the type introduced in Corollary 3 of the previous section a uniform cyclic neoﬁeld.
(We note that, if q is odd, then no integer u exists such that both u and u− 1 are relatively prime to q − 1 and so uniform cyclic
neoﬁelds of odd order do not exist.)
In particular, if q is even and u = q − 2, then both u = q − 2 and u − 1 = q − 3 are relatively prime to q − 1 and so the
sequence P = uuu . . . u with u= q − 2 ≡ −1mod(q − 1) always deﬁnes a uniform cyclic neoﬁeld. We shall call this uniform
neoﬁeld the standard cyclic neoﬁeld of even order.
For this standard cyclic neoﬁeld, (1+ xr+1)/(1+ xr )= x−1.
Lemma 4. In a uniform cyclic neoﬁeld, 1+ xr = xur (for r = 1, 2, . . . , q − 2) and so, in particular, the presentation function
of the standard cyclic neoﬁeld is = (0 1)(x x−1)(x2 x−2) · · · (xs x−s ), where s = (q − 2)/2.
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n 0 1 2 3 . . . 2t − 3 2t − 2
n n 0 1 2 3 . . . 2t − 3 2t − 2
0 0 n u 2u 3u . . . − 2u − u
1 1 1 − u n u + 1 2u + 1 . . . • 1 − 2u
2 2 2 − 2u 2 − u n u + 2 . . . • 2 − 3u
• • • • • • . . . • •
• • • • • • . . . • •
k k k (1 − u) k + ( 1 − k )u • • . . . • k − (k + 1 )u
• • • • • • . . . • •
• • • • • • . . . • •
2t − 3 2t − 3 2u − 2 3u − 2 4u − 2 5u − 2 . . . n u − 2
2t − 2 2t − 2 u − 1 2u − 1 3u − 1 4u − 1 . . . • n
Fig. 3.
Proof. In Fig. 2, the entries of the second row are 0, n, a01, a01 + u, a01 + 2u, . . . , a01 + (q − 3)u. Since none of the entries
a01, a01 + u, a01 + 2u, . . . , a01 + (q − 3)u can be equal to zero and since u, 2u, . . . , (q − 3)u are all distinct, we must have
a01 + (q − 2)u= 0. That is, a01 = u so 1+ x = xu(=x−1 if u= q − 2). Thence,
1+ xr = 1+ x
r
1+ xr−1 ·
1+ xr−1
1+ xr−2 ·
1+ xr−2
1+ xr−3 · · ·
1+ x
1+ 0 = (x
u)r = xur .
In particular, for the standard cyclic neoﬁeld, 1+ xr = x−r . Therefore,  takes the form stated. 
For q= 6, it has been shown by D. Bedford [1] that there are, up to isomorphism, one commutative and two non-commutative
cyclic neoﬁelds and it is easy to check that all three are uniform cyclic neoﬁelds.
For q = 8, there are eight isomorphism classes of cyclic neoﬁelds (including the Galois ﬁeld GF(23)). Of these, the classes
2, 3, 3′, 5, 5′ (in Bedford’s notation) are uniform with u=4, 2, 6, 3, 5 respectively. There are noD-neoﬁelds other thanGF(23).
For q = 10, there are 45 isomorphism classes of cyclic neoﬁelds. These include two uniform neoﬁelds with u= 8 and 5 and
one D-neoﬁeld with presentation sequence P = 3 4 8 5 2 6 7. (See [7]).
Lemma 5. Let (N,+, ·) be a left neoﬁeld with elements 0, 1, a1, a2, . . . , aq−2. Then each of the q×q matricesA0= (xi+yj ),
with xi, yj ∈ N , and Ak = (akxi + yj ) for i, j ∈ {0, 1, . . . , q − 1} and k = 1, 2, . . . , q − 2 is a latin square.
Proof. The matrix A0 is the addition table (N,+) of the left neoﬁeld and so it is a latin square. In the matrix Ak , akxi + yj =
akxi+yl since (N,+) is a loop.Thus, each rowof thematrix has distinct elements.Also,akxl+yj=akxi+yj ⇒ akxl=akxi since
(N,+) is a loop. Then akxl+ak(−xi)=akxi+ak(−xi) so, by the left distributive law, ak[xl+(−xi)]=ak[xi+(−xi)]=ak.0=0.
Since (N\{0}, ·) is a groupand ak = 0, we have [xl + (−xi)] = 0. (Otherwise, N\{0} would not be closed relative to (·).) Thus,
akxl + yj = akxi + yj ⇒ xl = xi . Therefore, each column of the matrix has distinct elements. 
Theorem 6. Let (N,+, ·) be a uniform cyclic neoﬁeld of order q = 2t based on the group C2t−1 = 〈a : a2t−1 = 1〉. Then each
two of the latin squares Ak = (akxi + yj ) for i, j ∈ {0, 1, . . . , q − 1} and k = 0, 1, . . . , q − 2 (where xi = ai−1, yj = aj−1
for i, j > 0 and x0 = y0 = 0) has 4q − 3 ordered pairs of elements that occur once and q − 1 pairs that occur q − 3 times when
the squares are juxtaposed. (Thus, there are 5q − 4 distinct pairs and q2 − 5q + 4 pairs that do not occur.)
Proof. Let the presentation sequence be uu · · · u. Then, 1 + ar = aur for r = 1, 2, . . . , q − 2 by Lemma 4. Hence, the latin
square A0 takes the form shown in Fig. 3, where powers of a have been replaced by their indices (with a0 = 1) and the element
0 has been replaced by n. The latin squares Ak and Al take the same form except that the rows, excluding the ﬁrst, have been
rotated cyclically so that the second row (that with leading element 0) of Ak is the (k + 1)th row (that with leading element k)
of A0, the third row of Ak is the (k + 2)th row of A0, and so on.
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7 0 1 2 3 4 5 6
7 7 0 1 2 3 4 5 6
0 0 7 2 4 6 1 3 5
1 1 6 7 3 5 0 2 4
2 2 5 0 7 4 6 1 3
3 3 4 6 1 7 5 0 2
4 4 3 5 0 2 7 6 1
5 5 2 4 6 1 3 7 0
6 6 1 3 5 0 2 4 7
Fig. 4.
7 0 1 2 3 4 5 6
7 7, 7 0, 0 1, 1 2, 2 3, 3 4, 4 5, 5 6, 6
0 2, 5 5, 2 0, 4 7, 6 4, 1 6, 3 1, 7 3, 0
1 3, 6 4, 1 6, 3 1, 5 7, 0 5, 2 0, 4 2, 7
2 4, 0 3, 7 5, 2 0, 4 2, 6 7, 1 6, 3 1, 5
3 5, 1 2, 6 4, 7 6, 3 1, 5 3, 0 7, 2 0, 4
4 6, 2 1, 5 3, 0 5, 7 0, 4 2, 6 4, 1 7, 3
5 0, 3 7, 4 2, 6 4, 1 6, 7 1, 5 3, 0 5, 2
6 1, 4 6, 3 7, 5 3, 0 5, 2 0, 7 2, 6 4, 1
Fig. 5.
We observe that the left-to-right diagonals of the subsquare obtained by deleting the ﬁrst row and column ofA0,Ak orAl are,
with one exception, all the same and consist of the elements 0, 1, 2, . . . , q − 2 in that order. Each diagonal is shifted u places
from its predecessor. The exceptional diagonal consists entirely of n’s (where n= q − 1= 2t − 1).
When Ak and Al are juxtaposed, the same q − 1 ordered pairs occur on each of the juxtaposed pairs of left-to-right diagonals
excepting the exceptional one belonging to each of the squares. There are q − 3 non-exceptional pairs of diagonals and so each
of the ordered pairs h, h+ (k− l) (for h= 0, 1, 2, . . . , q − 2) occurs q − 3 times in the juxtaposed pair Ak , Al . (As an example,
we exhibit the square A0 corresponding to the uniform cyclic neoﬁeld of order 8 with u= 2 in Fig. 4 and, in Fig. 5, we display
the juxtaposed pair A2, A5.) The two exceptional diagonals give the 2(q − 1) ordered pairs of the forms n, h and h, n (for
h= 0, 1, 2, . . . , q − 2). Each of these pairs occurs just once. Also, the juxtaposed ﬁrst rows of the two squares give each of the
q ordered pairs n, n and h, h (for h= 0, 1, 2, . . . , q − 2) exactly once. Finally, the juxtaposed ﬁrst columns of the two squares
give each of the q − 1 ordered pairs h, h+ (l − k) exactly once. Since l − k ≡ k − lmod(2t − 1) ⇒ l = k, none of the latter
ordered pairs coincides with any of those arising from juxtaposed diagonals. Thus, we obtain 2(q − 1)+ q + (q − 1)= 4q − 3
ordered pairs which occur once, as in the statement of the theorem. 
4. D-neoﬁelds
For values of q for which a D-neoﬁeld exists, we can obtain a stronger lower bound for Mq(q − 1) than that given by
Theorem 6.
Theorem 7. Let (N,+, ·) be a D-neoﬁeld of order q based on the cyclic group 〈a : aq−1 = 1〉 and let Ak = (akxi + yj ) for
i, j ∈ {0, 1, . . . , q − 1} and k = 0, 1, . . . , q − 2 (where xi = ai−1, yj = aj−1 for i, j > 0 and x0 = y0 = 0 as before). Then
Nq(Ak+1, Ak) = q2 and Nq(Ak+l , Ak) has a ﬁxed value less than q2 for each ﬁxed value of l > 1 (where k may have any of
the stated values and subscripts are added modulo q − 1). For the set {A0, A1, . . . , Aq−2} of latin squares, the total number of
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ordered pairs is
Tq(q − 1)=
∑
0 i<jq−1
Nq(Ai,Aj )
= (q − 1)


(q−2)/2∑
l=1
Nq(Al, A0)

 when q is even
= (q − 1)


(q−3)/2∑
l=1
Nq(Al, A0)

+ 1
2
(q − 1)Nq(A(q−1)/2, A0) when q is odd
and so
Mq(q − 1)(q − 1)

q2 +
(q−2)/2∑
l=2
Nq(Al, A0)

 when q is even
Mq(q − 1)(q − 1)

q2 +
(q−3)/2∑
l=2
Nq(Al, A0)

+ 1
2
(q − 1)Nq(A(q−1)/2, A0) when q is odd.
Proof. As in Theorem 6, we use the fact that the latin squares Ak and Al take the same form as the square A0 except that
the rows, excluding the ﬁrst, have been rotated cyclically so that the second row (that with leading element 0) of Ak is the
(k + 1)th row (that with leading element k) of A0, the third row of Ak is the (k + 2)th row of A0, and so on. It follows that,
when Ak and Al are juxtaposed, the same set of ordered pairs occurs as when A0 and Al−k or Ak−l and A0 are juxtaposed.
Thus, Nq(Ak,Al)=Nq(Ak−l , A0). Moreover,
Nq(Ah,A0)=Nq(A0, A−h)=Nq(A0, A(q−1)−h)=Nq(A(q−1)−h,A0)
because the number of distinct pairs which arise from juxtaposition of the pair of latin squares A0, A(q−1)−h does not depend
on which way they are ordered. The stated expressions for Tq(q − 1) follow immediately.
We show in Lemma 8 below that, in a D-neoﬁeld, Nq(A1, A0)= q2 and so it follows that
Mq(q − 1)(q − 1)

q2 +
(q−2)/2∑
l=2
Nq(Al, A0)

 when q is even and
Mq(q − 1)(q − 1)

q2 +
(q−3)/2∑
l=2
Nq(Al, A0)

+ 1
2
(q − 1))Nq(A(q−1)/2, A0) when q is odd. 
Lemma 8. In any D-neoﬁeld (N,+, ·) of order q, based on the cyclic group 〈a : aq−1 = 1〉, Nq(A1, A0) = q2, where
A0 = (xi + yj ), A1 = (axi + yj ) and xi and yj are deﬁned as before.
Proof. Let P be the presentation sequence of the D-neoﬁeld. Then it follows directly from the manner of construction of the
D-neoﬁeld described in Theorem 2 that the differences
a02 − a12, a03 − a13, . . . , a0,n−1 − a1,n−1
are the elements of the sequence P ′. It follows that, when the rows headed by 1 and 0 of Fig. 2 (which, when the borders are
deleted, is the matrix A0) are juxtaposed, these same differences arise between the elements of juxtaposed diagonals. Since
each ordinary diagonal contains every element of N except n = q − 1, every ordered pair (x, x + h) with h ∈ P ′ occurs. We
get (q − 1)(q − 3) such pairs. Because A0 and A1 each contain the special diagonal which consists entirely of n’s, we also
get all pairs (n, x) and (x, n), x = n. This gives 2(q − 1) further pairs of juxtaposed elements. The column headed by n gives
all pairs [x, x + (q − 2)] ≡ (x + 1, x). Since q − 2 /∈P ′, these are distinct from the previous pairs. Finally, the row headed
by n gives all pairs (x, x) including (n, n). Thus, the total number of pairs which arise when A1 and A0 are juxtaposed is
(q − 1)(q − 3)+ 2(q − 1)+ (q − 1)+ q = (q − 1)q + q = q2. 
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n 0 1 2 3 4 5 6 7 8
n n 0 1 2 3 4 5 6 7 8
0 0 n 43 74 28 15 62 86 57 36
1 1 4 n 5 8 3 2 7 0 65
2 2 7 5 n 6 0 4 3 8 11
3 3 2 8 6 n 7 1 5 4 04
4 4 1 3 0 7 n 8 2 6 57
5 5 6 2 4 1 8 n 0 3 73
6 6 8 7 3 5 2 0 n 1 42
7 7 5 0 8 4 6 3 1 n 2
8 8 3 6 1 0 5 7 4 2 n
Fig. 6.
n 0 1 2 3 4 5 6 7 8
n n, n 0, 0 1, 1 2, 2 3, 3 4, 4 5, 5 6, 6 7, 7 8, 8
0 1, 0 4, n n, 4 527 832 371 246 718 055 663
1 2, 1 764 5, n n, 5 628 033 472 347 810 156
2 3, 2 257 865 6, n n, 6 720 134 573 448 011
3 4, 3 112 358 066 7, n n, 7 821 235 674 540
4 5, 4 641 213 450 167 8, n n, 8 022 336 775
5 6, 5 876 742 314 551 268 0, n n, 0 123 437
6 7, 6 538 077 843 415 652 360 1, n n, 1 224
7 8, 7 325 630 178 044 516 753 461 2, n n, 2
8 0, 8 n, 3 426 731 270 145 617 854 562 3, n
Fig. 7.
In Figs. 6 and 7, we illustrate the argument of Lemma 8 by means of the unique D-neoﬁeld of order 10 whose presentation
sequence we gave above Lemma 5. Fig. 6 exhibits the addition table of that neoﬁeld the body of which is the matrix A0, while
Fig. 7 shows the juxtaposed pair of squares A1, A0 (which are orthogonal).
[In Fig. 6, the subscript following each entry in the last column indicates the difference between that entry and the one below
it. (These are the elements of the sequence P ′.) The subscript following each entry, except the last, in the second row indicates
the difference between that entry and the one to its right. (These are the elements of the sequence P as described in Theorem 2.)
In Fig. 7, the subscript between the entries of each ordered pair (excluding those in the ﬁrst row, column and leading diagonal)
denotes the difference between the members of that ordered pair.]
Next, we use Theorem 7 to compute the deﬁciency for the complete set of q− 1 partially orthogonal latin squares obtained by
our construction from thisD-neoﬁeld and also those obtained from theD-neoﬁelds of orders q = 12 and 14 (which are unique)
and from one of the D-neoﬁelds of order 15. (A complete catalogue of D-neoﬁelds of all orders q up to and including 17 is
given in [7].)
The case when q = 10: The sequence P ′ is 2 3 7 4 1 5 6 so the latin square A0 is as shown in Fig. 6. When A1, A0 are
juxtaposed, we get Fig. 7 which illustrates the fact that the differences between the entries in the various pairs of non-special
juxtaposed diagonals are the elements of the sequence P ′. They give rise to (q − 3)(q − 1)= 7× 9 distinct ordered pairs. These
are distinct from the 2(q − 1) pairs (n, h) and (h, n) for h = 0, 1, . . . , (q − 2) arising from the special diagonals and also are
distinct from the pairs (h, h) and (n, n) arising from the ﬁrst row and from the q − 1 remaining pairs in the ﬁrst column. We get
q2 = (q − 3)(q − 1)+ 2(q − 1)+ q + (q − 1)= 100 distinct pairs as in Lemma 7.
When A2, A0 are juxtaposed, we get Fig. 8 and, when A3, A0 are juxtaposed, we get Fig. 9.
In Fig. 8, the differences taken modulo 9 between the entries in the various pairs of non-special diagonals are 5, 1, 2, 5, 6, 2
and 8. Also, the difference between each pair of entries (excluding the ﬁrst) in the ﬁrst column is 7. Together, we get 6× 9= 63
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n 0 1 2 3 4 5 6 7 8
n n, n 0, 0 1, 1 2, 2 3, 3 4, 4 5, 5 6, 6 7, 7 8, 8
0 2, 0 7, n 584 n, 7 652 011 426 358 865 123
1 3, 1 224 8, n 685 n, 8 753 112 527 450 066
2 4, 2 167 325 0, n 786 n, 0 854 213 628 551
3 5, 3 652 268 426 1, n 887 n, 1 055 314 720
4 6, 4 821 753 360 527 2, n 088 n, 2 156 415
5 7, 5 516 022 854 461 628 3, n 180 n, 3 257
6 8, 6 358 617 123 055 562 720 4, n 281 n, 4
7 0, 7 n, 5 450 718 224 156 663 821 5, n 382
8 1, 8 483 n, 6 551 810 325 257 764 022 6, n
Fig. 8.
n 0 1 2 3 4 5 6 7 8
n n, n 0, 0 1, 1 2, 2 3, 3 4, 4 5, 5 6, 6 7, 7 8, 8
0 3, 0 2, n 854 617 n, 2 731 156 538 415 033
1 4, 1 134 3, n 055 718 n, 3 832 257 630 516
2 5, 2 617 235 4, n 156 810 n, 4 033 358 731
3 6, 3 832 718 336 5, n 257 011 n, 5 134 450
4 7, 4 551 033 810 437 6, n 358 112 n, 6 235
5 8, 5 336 652 134 011 538 7, n 450 213 n, 7
6 0, 6 n, 8 437 753 235 112 630 8, n 551 314
7 1, 7 415 n, 0 538 854 336 213 731 0, n 652
8 2, 8 753 516 n, 1 630 055 437 314 632 1, n
Fig. 9.
distinct ordered pairs from these pairs of entries. These are distinct from the 2×9 pairs (n, h) and (h, n) arising from the special
diagonals and from the 10 pairs (h, h) and (n, n) arising from the ﬁrst row.
In Fig. 9, the differences between the entries in the various pairs of non-special diagonals are 3, 5, 3, 1, 3, 5 and 1. Also, the
difference between each pair of entries (excluding the ﬁrst) in the ﬁrst column is 6. Together, we get 4× 9= 36 distinct ordered
pairs from these pairs of entries.Again, these are distinct from the 2×9 pairs (n, h) and (h, n) arising from the special diagonals
and from the 10 pairs (h, h) and (n, n) arising from the ﬁrst row.
Similarly, when A4, A0 are juxtaposed, the differences between the entries in the various pairs of non-special diagonals are
7, 6, 8, 7, 1, 7, 4 and the difference between each pair of entries (excluding the ﬁrst) in the ﬁrst column is 5. Altogether, we get
(6× 9)+ (2× 9)+ 10= 82 distinct ordered pairs of entries. We may summarize this information in the following way:
q = 10 :
8 2 3 7 4 1 5 6 ∗ ∗ N(A1, A0)= (8× 9)+ (2× 9)+ 10= 100.
7 . 5 1 2 5 6 2 ∗ 8 ∗ N(A2, A0)= (6× 9)+ (2× 9)+ 10= 82.
6 . . 3 5 3 1 3 ∗ 5 1 ∗ N(A3, A0)= (4× 9)+ (2× 9)+ 10= 64.
5 . . . 7 6 8 7 ∗ 1 7 4 ∗ N(A4, A0)= (6× 9)+ (2× 9)+ 10= 82.
Here, the bold font entry of each row of the table is the difference between the entries of the ﬁrst column of the juxtaposed
pair Ai,A0 for i = 1, 2, . . . , (q − 2)/2. The remaining entries are the differences between the ordered pairs of each pair of
non-special diagonals. The entries (*) indicate the (two) pairs of special diagonals. Using Theorem 7, we get
Tq(q − 1)= (q − 1)Nq(Al, A0)= 9× 328
and so the deﬁciency is (q − 1)[(2+ 4+ 2)× 9] = 9× 72 which is exactly 18% of
(
9
2
)
× 102.
The cases when q = 12, 14, 15: We may summarize the corresponding computations as in the table below where, for the case
q = 15, we have chosen the D-neoﬁeld whose sequence P ′ is 1 12 6 2 9 4 11 7 8 5 3 10 (denoted (1) in the list given in [7]).
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n 0 1 2 3 4 5 6 7 8 9 10
n n, n 0, 0 1, 1 2, 2 3, 3 4, 4 5, 5 6, 6 7, 7 8, 8 9, 9 10, 10
0 1, 0 5, n n, 5 628 942 336 751 213 4610 099 1087 874
0 2, 0 9, n 610 5 n, 8 762 1076 481 863 3710 529 167 044
0 3, 0 1, n 1065 718 n, 2 896 011 593 9110 459 617 224
0 4, 0 3, n 235 088 852 n, 6 931 123 6410 1019 527 784
0 5, 0 8, n 415 358 112 986 n, 1 1043 2810 729 077 694
Fig. 10.
n 7 8 9 10 11 12 13 0 1 2 3 4 5 6
n n, n 7, 7 8, 8 9, 9 10, 10 11, 11 12, 12 13, 13 0, 0 1, 1 2, 2 3, 3 4, 4 5, 5 6, 6
0 113 0 4, n n, 11 12113 012 12 1365 628 994 549 1011 7 871 2810 1152 336 710 3
0 212 0 8, n 5611 n, 13 1313 12 145 088 711 4 1013 9 617 1141 9110 1313 2 1286 413 3
0 311 0 5, n 9211 6713 n, 12 055 268 134 819 1110 7 781 1212 10 1062 426 1343
0 410 0 0, n 6511 10313 7512 n, 5 178 314 279 912 7 1231 8210 1332 1196 512 3
0 590 6, n 110 11 7613 11112 811 5 n, 8 224 459 347 1051 1311 10 972 066 1253
0 680 13, n 7411 211 13 8412 1275 913 8 n, 4 369 527 411 1 1113 10 022 1010 6 123
0 770 2, n 011 11 8513 3912 910 5 1398 1084 n, 9 437 691 5510 1242 156 1163
Fig. 11.
Since q = 15 is odd, the addition table takes a different form from that for even values of q (because h = (q − 1)/2 in Figs. 1
and 2). We show the juxtaposed second rows of A1, A0;A2, A0; . . . ;A(q−2)/2, A0 for this case, and also, for clarity, we show
the juxtaposed second rows of A1, A0;A2, A0; . . . ;A(q−2)/2, A0 for the unique D-neoﬁeld of order 12 in Figs. 11 and 10,
respectively.
q = 12 :
10 2 4 3 5 1 6 9 8 7 ∗ ∗ N(A1, A0)= (10× 11)+ (2× 11)+ 12= 144.
9 . 6 7 8 6 7 2 6 4 ∗ 10 ∗ N(A2, A0)= (7× 11)+ (2× 11)+ 12= 111.
8 . . 9 1 9 1 5 1 2 ∗ 6 1 ∗ N(A3, A0)= (6× 11)+ (2× 11)+ 12= 100.
7 . . . 3 2 4 1 2 8 ∗ 3 8 5 ∗ N(A4, A0)= (7× 11)+ (2× 11)+ 12= 111.
6 . . . . 4 8 2 7 9 ∗ 1 5 1 8 ∗ N(A5, A0)= (8× 11)+ (2× 11)+ 12= 122.
The deﬁciency is 11× [(3+ 4+ 3+ 2)× 11] = 11× 12× 11 which is 18 13% of
(
11
2
)
× 122 = 11× 720:
q = 14 :
12 3 9 6 1 11 5 2 10 7 8 4 ∗ ∗
11 12 2 7 12 3 7 12 4 2 12 ∗ 12 ∗
10 5 3 5 4 5 4 6 12 6 ∗ 3 2 ∗
9 6 1 10 6 2 11 1 3 ∗ 11 6 11 ∗
8 4 6 12 3 9 6 5 ∗ 5 1 2 4 ∗
7 9 8 9 10 4 10 ∗ 2 8 10 8 5 ∗
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N(A1, A0)= (12× 13)+ (2× 13)+ 14= 196. N(A2, A0)= (6× 13)+ 40= 118.
N(A3, A0)= (7× 13)+ 40= 131. N(A4, A0)= (7× 13)+ 40= 131.
N(A5, A0)= (9× 13)+ 40= 157. N(A6, A0)= (7× 13)+ 40= 131.
The deﬁciency is 13×[(6+ 5+ 5+ 3+ 5)× 13]= 13× 24× 13= 24(q− 1)2 which is 26.53% of
(
13
2
)
× 142= 13× 6× 196.
q = 15 :
13 1 12 6 2 9 4 11 7 8 5 3 10 ∗ ∗
12 13 4 8 11 13 1 4 1 13 8 13 ∗ 6 ∗
11 5 6 3 1 10 8 12 6 2 4 ∗ 2 7 ∗
10 7 1 7 12 3 2 3 9 12 ∗ 5 3 5 ∗
9 2 5 4 5 11 7 6 5 ∗ 10 6 1 11 ∗
8 6 2 11 13 2 10 2 ∗ 4 11 4 7 13 ∗
7 3 9 5 4 5 6 ∗ 11 5 9 10 9 8 ∗
N(A1, A0)= (13× 14)+ (2× 14)+ 15= 225. N(A2, A0)= (7× 14)+ 43= 141.
N(A3, A0)= (11× 14)+ 43= 197. N(A4, A0)= (8× 14)+ 43= 155.
N(A5, A0)= (9× 14)+ 43= 169. N(A6, A0)= (8× 14)+ 43= 155.
N(A7, A0)= (9× 14)+ 43= 169.
Tq(q − 1)= (q − 1)[∑(q−3)/2l=1 Nq(Al, A0)] + 12 (q − 1)Nq(A(q−1)/2, A0) when q is odd =14× [
∑6
l=1Nq(Al, A0)] + [7×
N(A7, A0)] = (14× 1042)+ (7× 169) so the deﬁciency is
(
14
2
)
× 152 − (7× 2253)= (7× 2925)− (7× 2253)= 14× 14×
24= 24(q − 1)2 which is 22.97% of
(
14
2
)
× 152.
For even q, the ﬁrst four rows of the above tables are as follows:
q− 2 p′1 p′2 p′3 p′4 ... p′q−3 ∗ ∗
q− 3 p′1 + p′2 p′2 + p′3 p′3 + p′4 ... p′q−4 + p′q−3 ∗ (q − 2) ∗
q− 4 ∑3i=1p′i
∑4
i=2p′i ...
∑(q−3)
i=(q−5)p′i ∗ p′q−3 − 1 p′1 − 1 ∗
q− 5 ∑4i=1p′i ...
∑(q−3)
i=(q−6)p′i ∗ p′q−4+p′q−3−1 p′q−3+p′1−1 p′1+p′2−1 ∗
We may explain this by looking at the last column of each of the juxtaposed pairs A1, A0;A2, A0; . . . ;A(q−2)/2, A0. For
brevity, let us write bl for the entry al,n−1, l = 0, 1, ..., n− 2.
Then, from Theorem 1,
p′1 = bn−3 − bn−2. That is, bn−3 = bn−2 + p′1 and so bn−4 = bn−2 + p′1 + p′2.
p′2 = bn−4 − bn−3. bn−4 = bn−3 + p′2 bn−5 = bn−3 + p′2 + p′3.
p′3 = bn−5 − bn−4. bn−5 = bn−4 + p′3 bn−6 = bn−4 + p′3 + p′4.· · · · · · · · · · · · · · · · · ·
p′n−3 = b1 − b2. b1 = b2 + p′n−3 b1 = b3 + p′n−4 + p′n−3.
p′n−2 = b0 − b1. b0 = b1 + p′n−2 b0 = b2 + p′n−3 + p′n−2.
The last column of the latin squareA0 has the entries h−1, b0, b1, b2, ..., bn−2, n. Hence, the ordered pairs in the last column
of the juxtaposed pairs A1, A0;A2, A0;A3, A0 and A4, A0 are as listed below, where the differences are expressed in terms of
the p′
i
’s for the pairs of latin squares A1, A0 and A2, A0.
A1, A0 A2, A0 A3, A0 A4, A0
h− 1, h− 1 h− 1, h− 1 h− 1, h− 1 h− 1, h− 1
b1(+p′n−2=)b0 b2(+p′n−3 + p′n−2=)b0 b3, b0 b4, b0
b2(+p′n−3=)b1 b3(+p′n−4 + p′n−3=)b1 b4, b1 b5, b1· · · · · · · · · · · · · · · · · · · · · · · ·
bn−4(+p′3=)bn−5 bn−3(+p′2 + p′3=)bn−5 bn−2, bn−5 n, bn−5
bn−3(+p′2=)bn−4 bn−2(+p′1 + p′2=)bn−4 n, bn−4 b0, bn−4
bn−2(+p′1=)bn−3 n(...)bn−3 b0, bn−3 b1, bn−3
n(...)bn−2 b0(−
∑n−2
i=1 p′i = n)bn−2 b1, bn−2 b2, bn−2
b0(...)n b1(...)n b2(...)n b3(...)n
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Also, bn−2+
∑n−2
i=1 p′i = b0, where
∑n−2
i=1 p′i =
∑n−2
r=1 r = 12 (n− 2)(n− 1)= 12 (n− 3)n+ 1 ≡ 1modn. From the last result,
it follows that
∑n−3
i=1 p′i = 1−p′n−2 and
∑n−2
i=2 p′i = 1−p′1. So b1 + (p′n−2 − 1)= bn−2 and b0 + (p′1 − 1)= bn−3. Similarly,
we may show that b2 + (p′n−3 + p′n−2 − 1)= bn−2, b1 + (p′n−2 + p′1 − 1)= bn−3 and b0 + (p′1 + p′2 − 1)= bn−4. It should
be clear from this how the summary table can be obtained and that a general pattern for subsequent rows is emerging.
Additional remarks: Two topics which are closely related to the above investigation are (i) the subject of r-orthogonality,
which has been extensively investigated by G. B. Belyavskaya (see Chapter 6 of [4]), and (ii) the question “When is a ﬁnite
D-neoﬁeld a Galois ﬁeld?” which was the subject of [9].
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